Abstract. We study the complexity of quantum complexity classes like , , (quantum analogs of , , and
In light of this connection, due to Fortnow and Rogers, between quantum and counting complexity classes, it is natural to ask if there are counting (or for that matter other classical) complexity classes that are better lower (or upper) bounds for ? Similarly, it is interesting to ask the corresponding questions for Q S R U T . Unfortunately, resolving these inclusion relationships can be difficult, and may be out of reach of relativizable techniques. Green and Pruim [20] construct an oracle relative to which Results by Fortnow and Rogers [16] , de Graaf and Valiant [10] , and those of this paper, show the connection between quantum and counting complexity classes. Thus, it becomes important to study the properties of these counting complexity classes. In particular, we study the reduction closure properties of these counting classes. Fenner, Fortnow, and Kurtz [12] show that counting classes . We prove that T W T is closed under polynomial-time truth-table reductions. We also show that improving this result to closure under polynomial-time Turing reductions will require non-relativizable techniques: There is an oracle .
Definition 1 ([12]). If
, define the function
as follows: for each
is the class of functions Ë such that there exists an
. We define the following gap-definable counting classes [12] .
Definition 2. 1. [9, 24, 2] For each
[30, 18]
The counting classes T D T [13] and T W T [27] were defined to study the sets that are low for
Definition 3 ([13, 27]). For every
, there exist a
and a polynomial p such that, for all
, and
For background information on quantum complexity theory and for the definition of quantum Turing machine, we recommend [28, 21] . We now define the quantum complexity classes that will be used in this paper. 
Definition 4 ([4, 1]).
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Separation Results
One way to study the power of quantum complexity classes is to lower bound the complexity of these classes with well known complexity classes, for example
. The best known lower bound for
is not known to contain even a single problem that is not already known to be in T . Bennett et al. [3] show that relative to a random oracle,
is not contained in
with probability one, and, relative to a permutation oracle chosen uniformly at random,
is not contained in in some relativized world? We prove that the latter is true by showing that there is a relativized world where
. In fact, we prove a slightly stronger statement. We prove, as the next theorem, that there is an oracle relative to which
. It is interesting to note that there is an oracle, due to Fortnow [15] , relative to which
, strictly contains an infinite polynomial-time hierarchy. In contrast, our oracle provides a completely different picture of T W T in a relativized world: a world in which T D T sets are not powerful enough to capture a seemingly small subclass,
Corollary 7.
There exists an oracle
such that, for each
, and each
Note that Corollary 7 shows that proving that error-free quantum polynomial-time (Q R U T
) algorithms exist for all languages in
will require nonrelativizable techniques. Corollary 7 also shows that, using relativizable techniques, we cannot lower the best known classical upper bound for
, the largest known natural gap-definable subclass of T D T
. In the light of this result, it is interesting to seek a different classical upper bound for
. That is, it is interesting to ask which other counting classes upper bound the complexity of . However, we show that proving the containment
is beyond the reach of relativizable techniques. This result is a corollary of Theorem 8.
Tarui [35] used a lower bound technique in decision trees for a certain function to show that
in some relativized world. Green [19] used circuit lower bound techniques to obtain the same result. In contrast with
in every relativized world. We construct an oracle relative to which w T is not contained in & T
. This result is optimal in the sense that the largest known natural subclass of
is also a strengthening of the oracle separation of
by Torán [37] .
Corollary 9.
Immunity Separation Results
In Section 3, we saw that relativizable techniques cannot prove that [25] , and Bruschi [7] to study the nature of the polynomial-time hierarchy, by Bruschi, Joseph, and Young [8] for strongly separating the boolean hierarchy over w T
, and by Rothe [32] for studying the complexity of counting classes. 
. In Theorem 11, we strengthen this result by proving that there is a relativized world where
. To prove that the test language we use in the proof of this strong separation result (Theorem 11) is in (relativized)
, we make use of the observation by Boyer et al. [6] that quantum database searching can be done in polynomial time with certainty if the number of solutions is exactly one fourth of the total search-space. 
and for each . We use a sufficient condition by Bovet, Crescenzi, and Silvestri [5] for lifting simple separations between complexity classes to immunity separations.
Theorem 13. There exists an oracle
Tarui [35] and Green [19] independently showed that
separates from T H in some relativized world. In Theorem 14 we extend oracle separation of
to a strong separation result. From this it follows that, relative to an oracle,
.
Theorem 14. There exists an oracle
z such that for every complexity class
-immune set.
Closure and Collapse Results
We have seen that the study of counting complexity classes like T W T H ¡ T etc. can give us useful insights into the classical complexity of quantum classes. In this section, we further study properties of these counting classes, and use these properties to prove consequences of the following hypothesis:
. Note that this hypothesis is the quantum analog of the "X T ý i V T W T " hypothesis. Zachos [40] proved that
unless the entire polynomial-time hierarchy is contained in
, and thus it is unlikely that
. In this section, we prove as Corollary 17 a strong consequence for
. We prove this implication by showing a reduction closure property of T W T
, and then using a recent result by Vyalyi [38] . Recently, Vyalyi [38] showed that if
, the quantum analog of the Merlin-Arthur class . In his proof, he implicitly proves, using Toda's [36] 
is low for
Corollary 17. If
Proof. This follows from Theorem 15 and Theorem 16(a), and the facts that 
Corollary 19. If
Proof. This follows from Theorem 15 and Theorem 18(b), and the facts that
We now prove that there is an oracle relative to which T D T
is not closed under polynomial-time Turing reductions. Before we state and prove Theorem 21, we state a lemma that will be needed in the proof of this result. Theorem 21.
Lemma 20 ([31]). For every
For every set
, define a } as follows.
(using binary search along the strings¨with
). We construct an oracle
is true, and
be an enumeration of all triples such that is bounded by p regardless of the oracle. We assume that the computation paths of an oracle machine include the answers from the oracle. Given
, and a computation path
, we let
is an accepting (respectively, rejecting) computation path in
. We need the following technical lemmas.
Lemma 22. Let
, where , it holds that
for every
. Then each monomial in
has the same rational coefficient, i.e., , satisfying
such that the following holds:
Clearly, the construction guarantees that
. The feasibility of the construction follows from the following claim. , the following hold. , it holds that
Henceforth, we use
be the lexicographic enumeration of the strings in
. We define
to be the function
that has the following property. For all
We will show that It is easy to see that the thus constructed multilinear polynomial 
